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Course Overview

Homepage: https://weizhonz.github.io/index.html
Prerequisite course: calculus, linear algebra, probability and statistics

Recommended reading (textbook):

5
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https://weizhonz.github.io/index.html

Course Grading Policy

Homework, 40%
No midterm exam

Final exam, 60%
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Multivariate Statistics

Multivariate statistics is a subdivision of statistics encompassing the
simultaneous observation and analysis of more than one variable.

Multivariate statistics try to understand the relationships between variables
and their relevance to the problem being studied.

Multivariate Machine

Statistics .. .
Statistics Learning
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Multivariate Statistics

The measurements made on a single individual can be assembled into a
column vector.

The set of observations on all individuals in a sample constitutes a sample
of vectors, and the vectors set side by side make up the matrix of
observations.

The data to be analyzed then are thought of as displayed in a matrix or in

several matrices.

We start from the review of linear algebra.
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Notations

We use x; to denote the entry of the n-dimensional vector x such that
X1
X2
x=| . | eR"

Xn

We use aj to denote the entry of matrix A with dimension m x n such that

di1 412 -+ din
A a1 ax - ap c RN
aml adm2 - dmn
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Notations

We can also present the matrix as

Ain A -+ Ay
P ]
Apl Ap2 qu

if the sub-matrices are compatible with the partition.

We define
0 0 - 0 10 0
00 --- 0 o1 .--- 0
o0=|(. . . . |eR™" 0= . . . |eR™"
0 0 0 0 0 1
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Matrix Operations: Transpose

The transpose of a matrix results from flipping the rows and columns.
Given a matrix A € R™*" such that

a1 a1 din
a1 a2 azn
— mxXxn
A= i eR ,
adml am2 dmn

then its transpose, written AT € R"™™ is an n x m matrix such that

d11 421 - aml
dl2 a2 - am2

AT — ' e RMXm.
dln Aa2n amn
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Matrix Operations: Transpose

The following properties of transposes are easily verified
@A) =A
Q (aA+B)' = AT + AT

We say a square matrix A € R"*" is symmetric if A = AT. It is common
to denote the set of all symmetric matrices of size n as S".

We say a square matrix A € R"*" is anti-symmetric if A = —AT.
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Matrix Operations: Transpose

Sometimes (not always), we also use A’ the present the transpose of A.

In MATLAB, the notation A’ present the conjugate transpose of A. To

avoid ambiguity, we use the superscript H to denote conjugate transpose.
Given A € C™" we define

a1 dx o aml
dapp ax» - am

S T ecmm
§1n §2n e émn

For example,

243 1 2-i H 2—3i 5+'61

.. . = 1 —i
5-6i 7 3-2i 24+i 342
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Matrix Operations: Addition/Subtraction

If A e R™" and B € R™*" are two matrices of the same order, then

a1 + bnn
as1 + bo1
A+B= )
amil + bml

and

ai1 — bun
ar1 — bo1

am1 — bm1

Lecture 01 (Fudan University)

a1 + b1
axn + b

am2 + bm2
aix — b1z
ax — by

am2 — bmo
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amn + bmn
dln bln
azn — bln c Ran

12 /66



Matrix Operations: Multiplication

The product of A € R™*" and B € R"*P is the matrix

C =AB c R"*P,
where
C11 C12 -+ Ciq
C C ... C
c— 21 C2 2q c Rm*P,
Cp1 Cp2 -+ Cpq

n
and Cij = Zk:l a,-kbkj.
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Matrix Operations: Inner Product (Dot Product)

Given two vectors x € R" and y € R”, the quantity x'y € R is called the
inner product (or dot product) of the vectors, is a real number given by

Y1
T y2 °
X'y= [Xl Xy v Xn] : :ZX,')/,'.
. i—1
Yn I
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Matrix Operations: Outer Product

Given two vectors x € R™ and y € R”, the matrix xy " € R™*" is called
the outer product of the vectors, that is,

X1y1r X1y2 -+ XiYn leT
T
X2y1 X2Y2 -+ X2Yn X2y
xy = : ) i ) = . e R™*",
: =
XmY1 XmY2 - XmYn XmY

Example: Let x = [x,x2,...,Xn] € R and 1 =1[1,1,...,1]T € R",
then

|
x x - x|=|_|[1 1. 1]=x1T erR™"
| :

Xm
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Matrix Operations: Linear Combination

Given A € R™*" and x € R", the product y = Ax € R™ can be viewed as
the linear combination of the columns of A:

y=Ax= |a; a, --- aj,

Lecture 01 (Fudan University)

X1
X2 ‘ ‘ ’
= |a1| x1+ |ax| x2---+ |an| Xn
| | |
Xn
MATH 620156 16 / 66



Matrix Operations: Multiplication

Properties of matrix multiplication
© Matrix multiplication is associative: (AB)C = A(BC)

@ Matrix multiplication is distributive: A(B + C) = AB + AC
© Matrix multiplication is NOT commutative in general.

O (AB)T =BTAT
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Matrix Operations: Trace

The trace of a square matrix A € R™", denoted tr(A), is the sum of
diagonal elements in the matrix:

tI‘(A) = zn: ajj.
i=1

The trace has the following properties

@ For A € R™", we have tr(A) =tr (AT).

@ For A € R™", we have tr (ATA) =37 | 1 a,?j.

@ For AcR™" BecR™" ¢ € R and ¢ € R, we have
tI‘(ClA + C2B) = Cltr(A) + c2tr(B).

O For A and B such that AB is square, tr(AB) = tr(BA).
@ For A, B and C such that ABC is square, we have
tr(ABC) = tr(BCA) = tr(CAB).
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Matrix Operations: Kronecker Product

The Kronecker product, denoted by ®, is an operation on two matrices of
arbitrary size resulting in a block matrix. It is a generalization of the outer
product from vectors to matrices.

If Ais an m X n matrix and B is a p X g matrix, then the Kronecker
product A ® B is the mp x ng matrix as follows

allB 312B al,,B
A 2 B_ 82.13 82.23 s 3273 c Rmnqu‘
amB amB - am,B

Lecture 01 (Fudan University) MATH 620156 19 /66



Matrix Operations: Kronecker Product

The following properties of transposes are easily verified
OARB+C)=AB+A®C

Q@ A®B)®C=A®(B®C)
Q@ (A®B)(C®D)=(AC)® (BD)
Q tr(A ®B) = tr(A)tr(B)

Lecture 01 (Fudan University) MATH 620156 20 /66



Inverse

The inverse of a square matrix A € R™" is denoted by A~! and is the
unique matrix such that

AA~l=1=A"1A.

Note that not all matrices have inverses. Particular, we say that A is

invertible or non-singular if A~! exists and non-invertible or singular
otherwise.

Lecture 01 (Fudan University) MATH 620156
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Inverse

If all the necessary inverse exist, we have
0 (A ) l=A
Q (cA)t=ctA!
o (A—l)‘l' — (AT)—l
Q (AB)"1=B!A!
@A l=ATIfATA=I
For A €¢ R™" B € R"™P, CcRP*P and D € RP*" we have

(A+BCD)'=A"!'-A!'B(C'+DA'B)'DA L

if A and A + BCD are non-singular.
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Vector Norms

A norm of a vector x € R” written by ||x||, is informally a measure of the
length of the vector. For example, we have the commonly-used Euclidean
norm (or {3 norm),

Ixlly = VxTx =

Definition

A norm is any function R” — R that satisfies four properties:
Q For all x € R”, we have [|x|| > 0 (non-negativity).
@ ||x|| =0 if and only if x = 0 (definiteness).
@ Forall x € R" and t € R, we have ||tx| = |t] ||x|| (homogeneity).
Q For all x,y € R", we have [|x +y|| < x| + [ly[| (triangle inequality).
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Vector Norms

There are some examples for x € R:
@ The ¢1 norm is ||x[|; = > 7 |xil

@ The 4, norm is ||x||, = />0 x?
© The /o norm is ||x||, = max; |x;|

Q@ The £, norm is [|x||, = (>°7, |x,-|p)1/p for p > 1.
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Vector Space

Definition

If W is a subset of R™ such that for all x,y € W and a € R have
a(x+y) € W, then W is called a vector subspace of R™. Two simple
examples of subspace of R™ are {0} and R itself.

Definition
A set of vectors {x1,X2,...,X,} € R™ is said to be linearly independent if no
vector can be represented as a linear combination of the remaining vectors.
Conversely, if one vector belonging to the set can be represented as a linear
combination of the remaining vectors, then the vectors are said to be linear
dependent. That is, if

n—1
Xp = g QX
i=1

for some scalar values ay, ..., a,_1, then we say xj, X2, ..., X, are linearly

dependent; otherwise the vectors are linearly independent.

™7 (il — — syt
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Orthogonality

@ Two vectors x,y € R” are orthogonal if x"y = 0.
@ A vector x € R" is normalized if ||x||, = 1.

@ A square matrix U € R™" is orthogonal if all its columns are
orthogonal to each other and are normalized (the columns are then
referred to as being orthonormal). In other word, we have

ulu=1=UuU".

Note that if U is not square, i.e., U € R™*" n < m, but its columns
are still orthonormal, then UTU =1, but UUT 1, we call that U is
column orthonormal.
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Orthogonality

A nice property of orthogonal matrices is that operating on a vector with
an orthogonal matrix will not change its Euclidean norm, that is

[1Ux[|5 = [|x],
for any x € R” and orthogonal U € R"*".

Orthogonal matrices can be used to represent a rotation.

A basis X1, ..., X, of a subspace W of R" is called orthonormal basis if all
the elements have norm one and are orthogonal to one another.

In particular, if A € R” is an orthogonal matrix then the columns of A
form an orthogonal basis of R".

Lecture 01 (Fudan University) MATH 620156 27 / 66



Rank

The column rank of a matrix A € R™*" is the size of the largest subset of
columns of A that constitute a linearly independent set.

In the same way, the row rank is the largest number of rows of A that
constitute a linearly independent set.

For any matrix A € R™*", the column rank of A is equal to the row rank
of A.
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Rank

The following are some basic properties of the rank:
@ rank(A) < min(m, n)
@ rank(A) = rank(AT)
@ rank(AB) < min(rank(A), rank(B))
Q rank(A 4 B) < rank(A) + rank(B).

Definition

For A € R™*", if rank(A) = min(m, n), then A is said to be full rank.
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Range and Nullspace

The span of a set of vectors {a1,...,a,} is the set of all vectors that can
be expressed as a linear combination of {ai,...,a,}. Thatis,

n
spanf{aj,...,a,} = {v v = Zﬂiai,ﬁi € R}
i—1

The range (also called the column space) of matrix A € R™*" denote
R(A). In other words,

R(A)={v:v=Ax,xeR"} CR™

The nullspace of a matrix A € R™*", denoted N/(A) is the set of all
vectors that equal 0 when multiplied by A. In other words,

N(A)={xeR": Ax=0} CR”"
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Range and Nullspace

The subspace R(AT) is the orthogonal complement of AV/(A), that is,
{w ‘w=u+v,ucR(AT),v EN(A)}
and
R(AT) [\ N(A) = {0}.

The first one also can be written as R(AT) ® N(A) = R", where @ is the
direct sum of two linear spaces.

Lecture 01 (Fudan University) MATH 620156 31/66



QR Factorization

Given a full rank matrix A € R™*" we can construct the column
orthogonal matrix Q € R™*" and upper triangular matrix R € R"™" such

that

which also can be written as

a4y a2 -+ ap q1

Lecture 01 (Fudan University)

A = QR,
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2n
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QR Factorization

Each a; can be presented by a linear combination of {q1, - ,q,}

a1 =nidqi

a2 =raqi + r2qge

an =nnq1 + rpq2 + -+ + rondn
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QR Factorization

There is an old idea, known as Gram-Schmidt orthogonalization, which
constructs Q and R as follows

ai
qi1 =—
ri
__ax— noqx
Q="
o
n—1
_an - Zi:l rinq;
qn = )

I'nn

.. i—1
where r; = q/a; for any i # j and r; = Haj — > ra

)
Then we have ||q;[|, =1 foralli=1,...,nand q/q; =0 for all i # j.
What about A is not full rank?
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Matrix Norms

Given vector norm ||-||, the corresponding induced matrix norm of
A € R™*" is defined as

|Ax||
A= sup B A
xERM x£0 1]l x€R?, ||x|[|=1

For example, we define

[All; = sup  ||Ax]|;
XGR"vHXHl:l
and
[Allo= sup  [Ax],-
x€R, ||x|| ,, =1
MATH 620156
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Matrix Norms

We denote A € R™*" a5

then we have

Al = max g, and (Al = max [,

Lecture 01 (Fudan University) MATH 620156 36 /66



Matrix Norms

Definition

General matrix norm is any function R™*"” — R that satisfies
@ For all A € R™*", we have ||A|| > 0 (non-negativity).
@ ||A|| =0 if and only if A = 0 (definiteness).
@ Forall A€ R™ " and t € R, we have |[tA|| = |t| |A]| (homogeneity).

Q For all A;B € R™*" we have |A + B| < ||A| + ||B]|
(triangle inequality).
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Matrix Norms

The most important matrix norm which is not induced by a vector norm
(why not?) is Frobenius norm (F-norm), which is defined as

ZZ;)U \/tr(ATA)

i=1 j=1

IAllF =

for all A € R™" If Q € R™*™ is orthogonal matrix, we have

IQA[lF = [IA]l-

For A € R™" and B € R"*P, prove that

IAB[- < [[All£[BI|£-

Lecture 01 (Fudan University) MATH 620156
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Determinant

The determinant of a square matrix A € R"*", is denoted by det(A) or
|A|, which is defined as

.
i=1

T=(T1,.--,Tn)

where 7 = (11,...,7,) is permutation of (1,2,...,n). The signature
sgn(7) is defined to be +1 whenever the reordering given by 7 can be
achieved by successively interchanging two entries an even number of
times, and —1 whenever it can be achieved by an odd number of such
interchanges.
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Determinant

We can also define determinant recursively

n

det(A) :Z(—l)iJrjaU det(Ay;\;) foranyje{l,...,n}
i=1
_Z 1) a; det(Ay;\;) forany i€ {1,...,n}

with the initial condition det(A) = a11 for AL*!, where A\;\; is the

(n—1) x (n— 1) matrix obtained by deleting the i-th row and j-th column
from A.

The adjugate of A is denoted by adj(A) € R"*" whose entry at i-th row
and j-th column is (—1)"*/ det(A,;\;). The definition directly implies

Aadj(A) = adj(A)A = det(A)l.
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Determinant

Given square matrix A € R"*" as

.
[3(m)

the determinant of A is the “volume” of the set
n
S= {VER”:v:ZB;a(;),whereogﬁj < 1,i:1,...,n}.
i=1

The set S formed by taking all possible linear combinations of the row
vectors, where the coefficients of the linear combination are all between 0
and 1.
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Determinant

Q det(l) =1
@ If we multiply a single row in A by a scalar t € R”, then the
determinant of the new matrix is ¢ det(A).

© If we exchange any two rows of the square matrix A, then the
determinant of the new matrix is — det(A).

© For A € R"™", we have det(A) = 0 if and only if A is singular.
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Determinant

@ For A € R"™" is triangular, then det(A) =[]}, aii.
@ For A e R™" B & RP*P and C € R"™P, we have

det ({G‘ SD — det(A) det(B)

© For A € R™", we have det(A) = det(AT).
© For A,B € R"™", we have det(AB) = det(A) det(B)
@ For A € R"™" is orthogonal, we have det(A) =
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Eigenvalues and Eigenvectors

Given a square matrix A € R™" we say that A € C is an eigenvalue of A
and x € C" is the corresponding eigenvector is the corresponding if

Ax=Xx and x#0.

We define the standardized eigenvector which are normalized to have
length 1. Sometimes we also use the word “eigenvector” to refer the
standardized eigenvector.

We can define characteristic polynomial as

n

pa(A) = det(A — A1) =T [(\i = V).

i=1

We can find the n roots (possibly complex) of pa to obtain the eigenvalues
Aly ey Ane
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Eigenvalues and Eigenvectors

Suppose A € R"*" has eigenvalues A1, ..., \,. Prove the following
statements

O tr(A) =311 A,
Q det(A) =], \.
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Spectral Decomposition Theorem

Any symmetric matrix A € R"" can be written as
n
A =XAXT => " xxix/
i=1

where A is the diagonal matrix elements of its main diagonal are
A1, ..., Ap and X is an orthogonal matrix whose columns are
corresponding to standardized eigenvectors of A.
Proof Sketch

@ The eigenvalues of A are real.

@ Two eigenvectors corresponding to distinct eigenvalues of A are
orthogonal.

© If )\; is an eigenvalue of A with m > 2 algebra multiplicity, we can
find m orthogonal eigenvectors in its eigenspace.
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Singular Value Decomposition

The singular value decomposition (SVD) of A € R™*" matrix is
A=UzV',

where U € R™*™ is orthogonal, £ € R™*" is rectangular diagonal matrix
with non-negative real numbers on the diagonal and V € R™" is
orthogonal.

The diagonal entries of X are uniquely determined by A and are known as
the singular values of A. The number of non-zero singular values is equal
to the rank of A. The columns of U and the columns of V are called
left-singular vectors and right-singular vectors of A, respectively.
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Singular Value Decomposition

We can also write SVD as

n
A= E J,-u,-v,-T
i=1

where r < min{m, n} is the rank of A and o; is the diagonal entries of X.

The SVD always exists for any A € R™*".
(Hint: Using spectral decomposition theorem)
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Singular Value Decomposition

The SVD is not unique. It is always possible to choose the decomposition
so that the singular values o; are in descending order. In this case, X (but
not always U and V) is uniquely determined by A.

The term sometimes refers to the compact SVD, a similar decomposition
A=UZx,V/

in which X, is square diagonal of size r X r, where r < min{m, n} is the
rank of A, and has only the non-zero singular values. In this variant, U, is
an m x r column orthogonal matrix and V, is an n x r column orthogonal
matrix such that U/ U, =V, V, = L.
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Singular Value Decomposition

Based on SVD, we have
Q@ R(A) =span{uy,...,u,}
@ N(A) =span{v,i1,...,Vp}
Q@ R(AT) =span{vy,...,v,}
Q@ N(AT) =span{u,41,...,un}

Let 01 < --- < 0, be the non-zero singular values of A. We have
A, = o1 and |A||f = \/m
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Quadratic Forms

Given a square matrix A € R"*" and a vector x € R”, the scalar x" Ax is
called a quadratic form and we have

n n
xAx = g g ajjX;x;.
i=1 j=1

We often implicitly assume that the matrices appearing in a quadratic
form are symmetric.
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Definiteness

@ A symmetric matrix A € R"*" is positive definite (PD) if for all
non-zero vectors x € R” holds that x" Ax > 0. This is usually
denoted by A >~ 0.

@ A symmetric matrix A € R"*" is positive semi-definite (PSD) if for
all vectors x € R” holds that x" Ax > 0. This is usually denoted by
A>-D0.

@ A symmetric matrix A € R"*" is negative definite (ND) if for all

non-zero vectors x € R” holds that x" Ax < 0. This is usually
denoted by A < 0.

© A symmetric matrix A € R"™" is negative semi-definite (NSD) if for
all vectors x € R" holds that x" Ax < 0. This is usually denoted by
A =<0.

@ A symmetric matrix A € R™" is indefinite if it is neither positive
semi-definite nor negative semi-definite i.e., if there exists x1,x, € R”
such that x{ Ax; > 0 and x5 Axy < 0.
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Definiteness

Let symmetric matrix A € R™" has spectral decomposition
A = XAX"
where N = diag(A1, ..., Ap).

Q@ IfA>=0then \;>0fori=1,...,
Q@ IfA>0then \;>0fori=1,...,
Q@ IfA<0then \;<Ofori=1,...,
Q IfA<0then \;<0fori=1,...,

Lecture 01 (Fudan University) MATH 620156 53 /66



Schur Complement

Given matrices A € RP*P, B € RP*9, C € R9*P and D € R9%9 and
suppose D is non-singular. Let

A B
— (p+a)x(p+q)
M [ C D} eR .

Then the Schur complement of the block D for M is
A - BD!C c RP*P.

Then we can decompose the matrix M as

e i [ [P

and the inverse of M can be written as

S R [ SO
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Schur Complement

The decomposition

m—|A Bl _! BD '] [A—BD!C 0 I 0
~|C D |0 | 0 D| IDIC 1
means we have det(M) = det(D) det(A — BD1C).

Given the symmetric matrix

A B
v ar o)
with non-singular D and let S = D — BT A~!B, then
ON>-0<A>0andS >~ 0.

Q@ IfA>~0 then N>0<«<—S > 0.
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Cholesky Factorization

The symmetric positive-definite matrix A € R"*" has the decomposition
of the form

A=LL"

where L € R"*" is a lower triangular matrix with real and positive
diagonal entries such that

+ 0 0
-+ -0

L=|. . | e R™M,
+
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Outline

© Matrix Calculus

Lecture 01 (Fudan University) MATH 620156 57 / 66



The Gradient

Suppose that f : R™*" — R is a smooth function that takes as input a

matrix X of size m x n and returns a real value. Then the gradient of f

with respect to X is

FOf(X)
DF(X) O
s VI(X) = :
9f (X)
L 8xm1
ST

Of (X) T
OX1n

c Ran
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Some Basic Results

@ For X € R™*", we have Af(X) + (X)) _ 9(X) + 8g(x)_

oX oX oX
otf (X) of(X)
mxn —
Q@ For XeR and t € R, we have X _t(?X :
ATX
@ For A, X € R™" we have M =A.
oX
TAx T
© For A € R™" and x € R", we have =(A+A")x.
T
A
If A is symmetric, we have I X _ 2Ax.

We can find more results in the matrix cookbook:
https://www.math.uwaterloo.ca/~hwolkowi/matrixcookbook.pdf
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The Hessian Matrix

Suppose that 7 : R” — R is a smooth function that takes as input a
matrix x € R” and returns a real value. Then the Hessian matrix with
respect to x, written as V2£(x), which is defined as

_82f(x) 82f(x)_
8X1(9X1 o axlax,,
Vi(x)=| L e R
0?f(x) 0f(x)
| OxnOx1 o 0xn0xp |

Taylor's expansion for multivariable function f : R” — R

f(x) ~ f(a) + Vf(a)T(x —a)+ %(x — a)Tvzf(a)(x —a)
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The Hessian Matrix

Suppose V2f(x) is continuous in an open neighborhood of x* and that
VF(x*) = 0 and V2f(x*) = 0. Then x* is a strict local minimizer of f.

@ What happens if V2f(x*) = 07?
@ What happens if V2f(x) = 0 holds for any x?

Suppose x* is a local minimizer of twice differentiable f(x) and V2f(x) is
continuous in an open neighborhood of x*, then Vf(x*) = 0 and
V2f(x*) > 0.
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Least Squares

Consider the least square problem

. 1 2
min f(x) = 5 [[Ax — bl

where A € R™*" is full rank, b € R™ and m > n.

We have
1 1
f(x) = 5x (ATA)x —bTAx+-b"b, Vf(x) = ATAx—ATb
and

V2f(x) =ATA > 0.
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Least Squares and Projection

The Hessian is positive definite implies the function is convex and we only
need to find x such that Vf(x) = ATAx — ATb = 0. Hence, we have

ATAx=A"b—x=(ATA)!ATb

For A € R™*" is full rank and m > n, we define the projection of a vector
b € R™ onto R(A) by

Proj(b,A) = argmin ||v — bH% — A(ATA)*lATb,
vER(A)

How to solve the problem when A is not full rank?
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Pseudo Inverse

Let A = U,Z,V,T € R™*" be the condense SVD, where r is the rank of
A. We define the pseudo inverse of A as

AT =V, X U e R™™,

In special case, we have
© If rank(A) = n, we have AT = (ATA)7IAT.
@ If rank(A) = m, we have AT = AT(AAT)"L.

@ If A is square and non-singular, we have Af = A=1.

The solution of the least square problem

. 1 2
min f(x) = 5 [Ax — bl

is x = ATb + (1 — ATA)y, where y € R".
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The Gradient of Indet(:)

Consider the function f(A) = In(det(A)) whose domain is n x n symmetric
positive definite matrices. Then we have

VF(A)=A"1.

This also can be viewed as the extension of (Ina)’ = a~! for a > 0.
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General Derivatives of Matrix Functions

Suppose that F : R™*" — RP*9 is a function that takes as input a matrix

X of size m x n and returns a matrix F(X) of size p x g matrix, i.e,

X11

X21
X =

Xm1
and
f1(X)
F(X) = legx)
fml.(X)

where f; : R™*" — R for i =1,..

Lecture 01 (Fudan University)

X12
X22

Xm2

MATH 620156

X1n

X2n c RM*0

Xmn
in(X)
f2”€x) € RPX9,
frn(X)

,pandj=1,...,q.
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General Derivatives of Matrix Functions

Then the derivative of F with respect to X defined as

'@fll(X) 6f1,,(X)'
97(X) oX oX
— — . . . mpXxnq
o = VFX) : : eR
Om(X)  Ofmn(X)
o). ¢ oX

of; (X
where each sub-matrix i(X) € RP*9 is the gradient of scalar-value

oxX

function f;(-).
Based on above notation, we can define the Hessian as

9?2 f(x)
OxTox’

V3f(x) =
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