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Principal Components

In statistical practice, the method of principal components is used to find
the linear combinations with large variance.
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Principal Components

Let random vector x of p component has mean 0 and covariance matrix X.

Let 3 be a p-component column vector such that ||8]|, = 1.
@ The variance of B7x is
E[(8"x)’] = B'E[xx"]|8 =pB"E8.
@ Maximizing 8T X3 must satisfy
(Z -8 =0,
where A; is the largest root of
det(X — Al) = 0.

O Let BV = argmax BT E3.
I18ll,=1
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Principal Components

Find B such that 37 x has maximum variance and is uncorrelated with
T
Ul = 16(1) X.

© Lack of correlation means
ppY =0
@ The vector 3 must satisfy
(Z—-Al)B =0,
where Xy is the second largest root of

det(Z — Al) = 0.
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Principal Components

At the (r 4 1)-th step, we want to find a vector such that 37x has
maximum variance and lacks correlation with vy ..., u,, that is

0=E[B"xu] =E[8Txx" 8] = gT£") = \g" "
fori=1,...,r, where u; = B(i)Tx
Finally, we obtain 3(),... 3(P) and \; > - > ), such that
B =BA

where B = [B(1) ... 3(P)] satisfying BB = I and

M O ... 0
0 X ... 0
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Principal Components

The transformation
u=B"x

leads to the r-th component of u has maximum variance of all normalized
linear combinations uncorrelated with vy, ..., u,_1.

The vector u is defined as the vector of principal components of x.
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Principal Components

An orthogonal transformation v = Cx of a random vector x with E[x] =0
leaves invariant the generalized variance and the sum of the variances of
the components.

The generalized variance of the vector of principal components is the
generalized variance of the original vector, and the sum of the variances of
the principal components is the sum of the variances of the original
variates.
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Principal Components

Another approach is based on the density of the normal distribution.

@ Let x ~ N(0, X), whose density is

(2m)% (dlet( TR <—;XTZ_IX)'

@ Surfaces of constant density are ellipsoids

{x cx X Ix = C}
© A principal axis of this ellipsoid is defined as the line from —y to vy,

where y is a point on the ellipsoid where its squared distance has a
stationary point.
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Maximum Likelihood Estimators of Principal Components

Let xq1,...,xy be N observations from N,(0, X), where X has p different
characteristic roots and N > p. Then a set of maximum likelihood
estimators of A1,..., A, and BW. ... BP) consists of the roots

AL > > Ap of

det(X — Al) =0
and a set of vectors B, ..., B(P) satisfying ||B(i)]\2 =1 and
(Z-AnB8D =0

fori=1,...,p, where 3 is the the maximum likelihood estimate of X.
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Asymptotic Distributions

Let the characteristic roots of X be A; > --- > X, and the corresponding
characteristic vectors be B8V, ..., 3(P) with |37, = 1 and By; > 0.

Let the characteristic roots of S be /; > .- > I, and the corresponding
characteristic vectors be b)), ... b(P) with ||b()||; =1 and by; > 0.

Let d; = /n(li — ;) and gD =b) — 80) for i =1,...,p

@ The limiting normal distribution the sets {di, ..., d,} and {g(*),... g(P)}
are independent and dy, ..., d, are mutually independent.

@ The element d; has the limiting distribution A/(0,2)?).

@ The random vectors gV, ..., g(P) has limiting normal distribution with

p
Z A zlg(kﬂk)Ta i=J

lim_ Covlg, gV = { k= 1k7£:)(\/\’ — M)
Aidj

OrOH i £ |
o i #
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Asymptotic Distributions

One treats /; as approximately normal with mean ); and variance 2)\?/n.
Since /; is a consistent estimate of )\;, the limiting distribution of

Vi (li = )
V21;
is N(0,1).
@ A two-tailed test of hypothesis \; = A has (asymptotic) acceptance region
l; — A9
—Z(e) < M < Z(e)

VI S
where the value of the N(0,1) distribution beyond z(e) is €/2.
@ The confidence interval for \; with confidence 1 — ¢ is

AS/\;S !

1+ y/2/nz(c) 1 \/2/nz(e)
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Exact Confidence Limits on the Characteristic Roots

Let nS ~ W(X, n), then

n31M 530 n3P s3()
- and ——.
A Ap

are independently distrusted as y2-distribution with n degrees of freedom.
Let / and u be two numbers such that
l—e= Pr{n/ < X%} Pr {X,z, < nu}.

Then a confidence interval for the characteristic roots of X with
confidence at least 1 — ¢ is

I h
L <A, <\ < =
u— P~ 1=7
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Canonical Correlations

We still consider random vector x of p components has zero means and
the covariance matrix X > 0.

We partition x into two subvectors of p; and p» components (p1 < p2)
«— x(1)
—x@ |
The covariance matrix is partitioned into p; and p, rows and columns

211 Xpp
2 = .
[221 222]

Here we shall develop a transformation of x(!) and another transformation
of x@ to a new system that exhibit clearly the intercorrelations between

x(1) and x(?),
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Canonical Correlations

Consider linear combinations
v=a'x and v= 7Tx(2).
We ask for a and -y that maximize the correlation between u and v.
@ We require o and - such that
1= E[uﬂ = ]E[aTx(l)x(l)Ta] = aTZna,
1= E[V2] = E['yT x(z)x(z)T’y] =~ Tyo.
@ The correlation between u and v is
Eluv] = E[aTx(l)xQ)T'y] =a'Zy.
© Then the problem is
B, Y

YT Eny=1
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Canonical Correlations

The solution of

max aT):lgfy.
a'Ija=1
v Xy =1

EEIEE
2o —AXox| |v ’

where X is the root of

—AXyn Xp ])
det = 0.
© ([ 11 —AX»

Denote the largest root and the corresponds vectors be A1, a(!) and ~()

must satisfy
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Canonical Correlations

Then we consider u = o' x(1) and v = 'yTx(z) for x( with maximum correlation,

. . T . .
such that u is uncorrelated with u; = o x() and v is uncorrelated with
v =~ x@),

This procedure is continued. At r-th step, we have
T T
u=a® xO oy =alD x®

(CORANIE)! (N2

vi=7% yrea VP =7
and each of them are uncorrelated. Let the correlation between u; and v; be \;.

We obtain a'*! and 4("t1) by maximizing the correlation between v = " x(!)
and v = 7Tx(2) such that v is uncorrelated with uy, ..., u, and v is uncorrelated
with vi, ..., v,.
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Canonical Correlations

Let A=[a®,...,aP)], [ =[] =[HY,...,vF)] and
A 0 L. 0
0 X ... 0
0 0 - Ap

All of conditions can be summarized as

ATX A =,
ATX 5l =A,
M o =,
M) XM =0,
M) Xl =l
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Canonical Correlations
Each a(), () can be obtained by solving
[—/\i):ll PP } [a} _0
21 —AXxl | ’

where )A; is the i-th largest root of

—AX;1 X
det =0
€ <[ 21 —)\222]>

This can be written as generalized eigenvalue problems
(Z12E5 o1 — N’Eq1)y =0
and

(22121_11212 — )\2222)0 =0.
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Canonical Correlations

Let
Y x(1
— |1x®@
be a random vector where x(!) has p; components and x(2) has py
components.
In the r-th pair of canonical variates is the pair of linear combinations
b= o XD and v, = AT

each of unit variance and uncorrelated with the first r — 1 pairs of
canonical variates and having maximum correlation.

The correlation between u, and v, is the r-th canonical correlation.
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Canonical Correlations

The canonical correlations are invariant with respect to transformations

(1) = Cyx(D),
@) = C,ox(@),

where C; and C; are non-singular. Additionally, any function of X that is

invariant (under any such transformation) is a function of the canonical
correlations.
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Estimation of Canonical Correlation

Let xM), ..., x(M) be N observations from N(p,X). Let each x(®) be partitioned
into sub-vectors of p; and p, components

The maximum likelihood of X is

§_ F:n ?12}

25 X
N 1) - ) - N _ 2 _
1[N =) = xO) T (k) - x0)(x) - x@)T
N Zgzl(x((f) _ i(z))(xg) —xM)T Zgzl(x(of) _ >-<<2>)(x£3) —%@)T

The maximum likelihood estimators A, A and ' of A, A and T involve applying
the algebra of the previous slides to 3.
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Sample Canonical Variates and Correlations

We could define the sample canonical variates and correlations in terms of

N
1 . o\T_ |Su Si2
Tl()?Zl(xa X)(Xa — X)' = {521 } .

s22

Let a¥) = /(N —1)/N &Y, ¢¥) = /(N —1)/N4Y) and l; satisfies
S12¢¥) = /815000,
Sorct) = [;S5cY,
a0 's5a0) — 1,

0 's,,cl) = 1.

. L AT AT . )
We call linear combinations a/) xgl) and ct) xg) the sample canonical variates.
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