
Homework 1

Deadline: April 9, 2023

1. For any A ∈ Sn, x ∈ Rn and y ∈ Rn, prove that x⊤Ay = y⊤Ax.

2. Prove that for any matrix A ∈ Rm×n, the column rank of A is equal to the row rank of A.

3. For A ∈ Rm×n and B ∈ Rn×p, prove that ∥AB∥F ≤ ∥A∥F ∥B∥F .

4. Suppose A ∈ Rn×n has eigenvalues λ1, . . . , λn. Prove the following statements

(a) tr(A) =
∑n

i=1 λi,

(b) det(A) =
∏n

i=1 λi.

5. Prove the SVD always exists for any A ∈ Rm×n. (Hint: Using spectral decomposition theorem)

6. Given the symmetric matrix

N =

[
A B
B⊤ D

]
with non-singular A and let S = D−B⊤A−1B. Prove that

(a) N ≻ 0 ⇐⇒ A ≻ 0 and S ≻ 0.

(b) If A ≻ 0, then N ⪰ 0 ⇐⇒ S ⪰ 0.
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